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A rigorous analytical solution of light propagation in Schwarzschild metric in post- 
post Newtonian approximation has been presented in [l|. In 0] it has been asserted 
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— -7T- and O —rr- is not 
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15 m? 15 m 2 . 
greater than — tt — =- and — it —rr- , respectively. All these terms can be neglected 
4 d 2 4 all 

on microarcsecond level of accuracy, leading to considerably simplified analytical 
transformations of light propagation. In this report^we give formal mathematical 
proofs for the inequalities used in the appendices of 
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I. INTRODUCTION 



In the rigorous analytical solution of light propagation in Schwarzschild metric has 
been presented in post-post Newtonian approximation. Especially, the analytical expressions 
for Shapiro delay, the three transformations between k and <r, cr and n, k and n, and the 
transformation between n and cr for stars and quasars have been given explicitly A detailed 
investigation in [2J has shown that many of the terms, occurring in these five transformations, 

(m 2 \ I in 2 \ 

—p j and O I \ . At the microarcsecond level of accuracy all these terms 

can be neglected, leading to considerably simplified analytical transformations. Furthermore, 

I — L 15 TYl 2 

in [2| it has been claimed that the sum of all these terms is not greater than — tt — — 

4 d 2 

1 5 771 2 

and — 7r — — , respectively. This has been demonstrated without formal proof of several 
4 d 2 a 

inequalities involving functions fx, f 2 , f\o as defined in the appendices of 0. The goal of 
this report is to close this gap and to give formal proofs of these inequalities. Throughout 
this report, for all estimations we use that 0<$<7r,0<\I/<7r and z > 0; the angles 
$, \1/ and variable z were defined in j2[. 

II. ESTIMATE OF FUNCTION f x 

In this section we want to proof the inequality ( A2) from Appendix A of 0] : 

2z (l-cos$) Az 
n l + 2 2 -22cos$ ~ {l + zf ~ 

The proof of the first inequality in is straightforward and can be written as inequality 

-{l-zf (1 + cos$)<0, (2) 

which is obviously valid. The second inequality in ^ is equivalent to 

4z-(l + z) 2 = -(l- zf <0 . (3) 

From the inequalities (j2J) and (131) we conclude the validity of (CQ). 

III. ESTIMATE OF FUNCTION f 2 

In this section we want to proof the inequality (A4) from Appendix A of 0] : 



h 



z 2 cos $ — 2z + cos $ 

sin$ h 15$ 

1 + z l - 2 z cos $ 



<15tt. (4) 



To proof the validity of (TjJ we consider the extremal conditions = and f 2 , z = 0, 
which yield 

= 7 - z 3 cos 3 $ — z cos 3 $ + ^ 4 cos 2 $ + 32 r 2 cos 2 $ 

+ cos 2 $ - 31 2 3 cos$ - 31 2 cos$ + 7z A + 16 ^ 2 , (5) 
= sin 3 $ (z 2 - l) . (6) 



Inserting the solutions of Eq. (jSJ), given by$ = 0,<& = 7r,z = l, into Eq. (j5J) yields the 
equations 



o=(i-«r , 

o = (i + z) 4 , 

= (cos$- l) 2 (cos $-15) 



(7) 
(8) 
(9) 



The solution of Eq. ((7|) is z = 1, while Eq. (jSJ) has no solution, and the only solution of 
Eq. © is $ = 0. Thus, the extremal point P e : ($ = 0, z — 1) which is only one special 
point of one of the boundaries of function f%. The boundaries are given by 



h 
h 

h 
h 



z=0 



$=0 



sin $ cos $ + 15 $ < 15 n , 



sin $ cos $ + 15 $ < 15 7r 



15 7T. 



From Eqs. ffTUj) - (fT51) we conclude the validity of inequality 



(10) 

(11) 
(12) 

(13) 



IV. ESTIMATE OF FUNCTION / 3 

In this section we want to proof the inequality (B2) from Appendix B of 0] : 



1-z 



y/1 + z 2 - 2zcos$ 



1 < 



z < 1 

2 < 2. 

,2 > 1 



l + Z 



(14) 



Let us first consider the case z < 1. In this case we square (TT3I) and is equivalent to the 
inequality 

1 +z 2 -2z < 1 + z 2 -2z cos$, (15) 
which is obviously valid. Let us now consider the case z > 1, where we have to show 



1-z 



< 



1 - z 



\/l + z 2 - 2z cos$ 1 + 2 



or (note, that 1 — z is negative) 



a/1 + z 2 - 2 i cos $ < 1 + z 



(16) 



(17) 



which is obviously valid. Thus, by means of ( fl5l) and (flTl) . we have shown the validity of 

m 



V. ESTIMATE OF FUNCTION f 4 

In this section we want to proof the inequality (B4) from Appendix B of 0] : 

1 — cos $ / 1 — z \ 



16 

< 



27 

4- 



1 + z 2 - 2z cos $ 

1 + z^ 1 

z 



1 + 



a/1 + z 2 - 2z cos$ / 



■ 2 <*<1, 



1 + * 



2 < | or 2 > 1 . 



(18) 



A. 1/2<*<1 

Let us first consider the case 1/2 < z < 1, where (fl8|) reduces to the inequality 



16 



z (1 — it;) 



> 



z(l-w)(l-z) 



27 1 + z 2 -2m) 2 -(i + 22_ 2W 2 



3/2 



(19) 



where w = cos$. Note, while the r.h.s. of ffT^l) is obviously positive, the l.h.s. of f|T9l is 
also positive, because the inequality 



16 z (1 — w) 
27 ~ 1 + z 2 - 2 w z 



>0 



(20) 



leads to 16 + 16 z 2 — 5 w z — 27 2; > 16 (1 — z) 2 > 0. Therefore, by squaring both sides of 
( fT9l . we obtain the equivalent inequality 



(8-25w^ + 92 + 8^ 2 ) (wz + A-9z + Az 2 y>0. (21) 
Since the quadratic term in (j2Ti) is by definition larger than zero, we have only to show that 

h 1 = 8-25wz + 9z + 8z 2 >0. (22) 
The extremal conditions w = and hi z = yield 



- 25 z = , 
-25w + 9 + 16 2 = 0. 



(23) 
(24) 



The solution of (1231) is 2; = 0, however the region under consideration is 1/2 < z < 1, that 
means there is no extremal point. The boundaries of function foi are 



2=1/2 



hi 



2=1 



29 25 

w > 

2 2 

25(1- «0 > 0, 



■ z 2 + 34 z + 8 > , 



w=— 1 



fz-l) z >0. 



UI = 1 



(25) 
(26) 
(27) 
(28) 



From Eqs. 



we conclude the validity of inequality f[2"2l and f|T9l . 



B. z>l 



The case z > 1 has actually been shown already, because by means of inequality (PQ) we 
obtain the estimate 



2z 



1 - z 



[1 + Z) \ y/l + Z 2 - 2 Z COS $ / 

and with the aid of inequality ( 1T41) we just obtain the estimate (ITBl) for z > 1. 



(29) 



C. z<l/2 

Let us now consider the case z < 1/2, where the inequality (ITS]) reduces to 
(l + z) 3 (l- W ) | (l + z) 3 (l- W )(l-z) <4 



1 + z 2 — 2 w z 
We simplify (1301) as follows: 



[l + z 2 -2wz 



,3/2 



(30) 



z — z w — Aw z + 3 + w > 



y/l + z 2 — 2 w z 

Squaring both sides of (l3"TI) . which obviously are positive, yields the relation 

(-z 5 - 8 z 4 - 14 z 3 + 8 z 2 - z) w 2 + (4 z 5 + 16 z 4 + 8 z 3 + 16 z 2 - 12 . 
-3 z 5 - 4 z 4 - 10 z 3 - 3 2 + 4 > . 



(31) 



(32) 



In order to proof the validity of ( 1321) . we recall that — 1 < it; < 1, that means the inequality 
( 1321) is valid, if the following inequality is satisfied: 



ho 



+ 



z b -8z A -Uz 3 + 8z 2 - z 
-3z 5 - 4z 4 - 10z 3 -3z 



To proof inequality ( l33j) . we first note that 



+ 
< 4. 



<4z 5 + 



4 z 5 + 16 z 4 + 8 z 3 + 16 z 2 - 12 z 



16 + 8 ^ + 16 ;z 2 - 12 z 



4 z 5 + 16 z 4 + 8 z 3 + 16 z 2 - 12 z 
Second, we note the obvious inequalities 

- z 5 -8z 4 - Uz 3 + 8z 2 - z = -z [z 2 + 4z - l) 2 <0 
16 z 4 + 8 z 3 + 16 z 2 - 12 z = 4 z (2 z - 1) (2 z 2 + 2 z + 3) < 



-3 z 5 - 4 z 4 - 10 z 3 - 3 2 < 



(33) 
(34) 

(35) 
(36) 
(37) 



Accordingly, by means of relation (1341) and inequalities (1351) - ( 1371) . we obtain 

hi < z (z 2 + 4z-l) + 4z(l -2z) (2z 2 + 2z + 3) 
+ (3 z 5 + 4 z 4 + 10 z 3 + 3 z) + 4 z 5 < 4 . 



(38) 



Accordingly, we have to show the inequality 



z s + 4z 2 -6z + 4 



h 3 = z 2z 4 
The extremal condition hz, z — yields 

5 - 2 z 3 + 6 z 2 -62 + 2 = 0. 



< 1 . 



(39) 



(40) 



Eq. (HU) has no real solution due to 5 z 4 -2 z 3 + Q z 2 -Q z + 2 > 2 (1 - zf > for < z < 1/2. 
Thus, there are no extremal points of hs in the region under consideration. The boundaries 
of function h 3 are given by 



h ? 



0, 



z=0 



h. 



z=l/2 



(41) 
(42) 



From (T4T]) and (l4~2l) we conclude the validity of inequality ( 1391) . and by means of which we 
conclude the validity of inequality ( 1301 . 



VI. ESTIMATE OF FUNCTION / 5 

In this section we want to proof the inequality (B6) from Appendix B of 0] : 



z(z 2 



1) sin 3 $ 



[l + z 2 -2z cos$)' 



— 15 arccos 



1 — z cos $ 



_ z (cos $-2)$ 
+ 15—^ — + 15 7T 



Vl + z 2 - 2z cos$ 
< 15 vr . 



1 + z 2 - 2 z cos $ 
The extremal conditions /s^ = and f^ z = yield 

= sin $ z (z - 1) (-2+1) ^ - 3 z 2 sin $ cos $ + 15 z 2 $ + 2 z sin $ cos 2 $ 

+4 z sin $ - 30 z $ cos $ - 3 sin $ cos $ + 15 $^ , 

= C + C lZ + C 2 z 2 + C 3 z 3 + C 4 z 4 , 

with 

Co = C 4 = - sin 3 $ + 15 sin $ - 15 $ cos $ , 

d = C 3 = 30 $ + 30 $ cos 2 $ - 2 sin 3 $ cos $ - 60 sin $ cos $ , 

C 2 = -90 $ cos $ + 30 sin $ + 60 sin $ cos 2 $ + 6 sin 3 $ . 

The complete set of solutions of extremal condition f 5 $ = reads 

z = , 
2 = 1, 

$ = 7T , 

$ = . 



(43) 



(44) 
(45) 



(46) 
(47) 
(48) 



(49) 
(50) 
(51) 
(52) 



Note, that the expression in the parentheses of Eq. (I44p vanishes only at $ = (see Appendix 
|A"]) which, however, represents no additional solution because it is already considered in 
Eq. (1521) . Inserting the solutions (1491) - (Io"Tj) into (14 5 p considerably simplifies the extremal 
condition /s z = and yields the relations 



= - sin 3 $ + 15 sin $ - 15 $ cos $ , 

= (1 - cos $) 2 (15 $ + sin $ (1 + cos $) + 15 sin $) 

0=(z + l) 4 , 



(53) 
(54) 
(55) 



while inserting the solution ( 1521) into fs sZ = yields an identity = 0, that means no 
additional solution. The only solution of (1531) and (I54"l) is given by (see Appendix [B]) 



(56) 



$ = 0. 



while Eq. (I5"5l) has obviously no solution. In view of the solutions (T4*9l - (15*2"]) and (15*61) we 
obtain the extremal points P c i : (z = 0, $ = 0) and P e2 : (2 = 1, $ = 0). These extremal 
points are only two points on one of the boundaries. The boundaries are given by 



h 

h 
h 
h 



z=0 



15$ < 15 7T, 

= I —15 7T + 15$ I < 15 7r, 

/ 1 ' 

= 15 7T 1 — arccos , 
15vr 

< 15 7T. 



< 157T 



$ =7r 1 + z 

From Eqs. (1571) - ( 1601) we conclude the validity of inequality (03 



(57) 
(58) 

(59) 

(60) 



VII. ESTIMATE OF FUNCTION / 6 

In this section we want to proof the inequality (C2) from Appendix C of 0: 



z cos $ 



y/1 + z 2 - 2z cos$ 



+ 1 



- COS$) 

1 + z 2 — 2z cos $ 



< 



Az 



[i + zy 



< 1 . 



(61) 



The second inequality has been shown in Eq. ([3]), thus we focus on the first inequality only. 
By inserting (CD) into first inequality of (ED), we recognize that we have only to show the 
considerably simpler inequality 



1 — z cos $ 



\/I + z 2 - 2z cos $ 



< 1 



(62) 



or 



The inequality 
inequality of (loT|) 



(1 — 2 cos $) 2 <l + z 2 -2zcos$. (63) 
is, however, obviously valid. Thus we have shown the validity of first 



VIII. ESTIMATE OF FUNCTION f 7 

In this section we want to proof the inequality (C4) from Appendix C of 0: 
f 7 = 16 sin * + sin * cos * - 2 sin 3 * cos * - 15 7r + 15 * 
The extremal condition f 7 ^ = yields 

(1 + cos (cos 2 * - 2 cos * + 2) = . 



< 15 7T. 



(64) 



(65) 



The only solution of Eq. (1651) is ^ = 7r that means the extremal point is P e : = 7r), which 
is basically the boundary given below in Eq. (16T1) . The boundaries are given by 



15 7T. 



*=0 



* = 7T 



(66) 
(67) 



From Eqs. (1661) and (1671) we conclude the validity of ([6 



IX. ESTIMATE OF FUNCTION / 8 

In this section we want to proof the inequality (D2) from Appendix D of [2]: 



fa 



z(l — cos$) 



< 



2z 



\/l + z 2 - 2z cos$ 1 + z 
which is equivalent to the inequality 

h 4 = w + 2wz + z 2 w-3 + 2z-3z 2 < . 
The extremal conditions /i4 i2 = and h± jV] = yield 

w + w z + 1 — 3 z = , 
(l + z) 2 = 0. 



(68) 



(69) 



(70) 
(71) 



Eq. (1711) has obviously no real solution for variable z > 0, and, therefore, the function /14 
has no extremal points. The boundaries of h 4 are given by 



hi 
hi 



2=0 



w=— 1 



w=l 



w-3<0 



(w - 3) lim z 2 < , 



-4 (l + z) < 



-2(1 -zY < 0. 



(72) 
(73) 
(74) 
(75) 



From Eqs. (I72*|) - (1751) we conclude the validity of (16"9"1) and 



X. ESTIMATE OF FUNCTION / 9 

In this section we want to proof the inequality (D4) from Appendix D of 0: 



z 2 (1 + z) (1 - cos $)' 



(l + z 2 -2z cos$)' 
which is equivalent to the inequality 



< 



Az 2 



1+z) 



h 5 = z w — 3 z +6wz — 2z + w — 3<0. 



where w = cos$. The extremal conditions h 



5,z 



and h 



5,to 



yield 



w z — 3 z + 3w — 1 = 0, 
z 2 + 6 z + 1 = . 



(76) 



(77) 



(78) 
(79) 



Eq. (1751 has obviously no real solution for variable z > 0, and, therefore, the function /i 5 
has no extremal points. The boundaries of are given by 



h 5 
h 5 
h 5 
h 5 



2=0 



w=— 1 



w=l 



w-3<0. 



(w - 3) lim z 2 < 



-4(1 + zY < 



-2(1 -zY < 0. 



(80) 
(81) 
(82) 
(83) 



From Eqs. (jgQj) - (1531 we conclude the validity of (1771) and (1761). 



./ 



XI. ESTIMATE OF FUNCTION / 10 

In this section we want to proof the inequality (D6) from Appendix D of 0: 

z (16z - z cos$ - 15) sin<l> z(l - 3z 2 + 2z 3 cos $) sin 3 $ 15;z (cos $ - 2) $ 



10 



1 + Z 2 - 2^ cos $ 



fl + z 2 - 2z cos$) 



1 + 2 2 - 2z cos $ 



< 15 7T. 

With \a + b\ < \a\ + \b\, and the inequality (see Appendix 

z(l - 3z 2 + 2z 3 cos $) sin 3 $ 



(1 + 2 2 -2z cos$)' 



< 8 sin $ 



(84) 



(85) 



we get 



/io< 



2; (16z - z cos $ - 15) sin $ + 15z (cos $ — 2) $ 
1 + z 2 - 2z cos $ 



8 sin $ . 



(86) 



Due to the inequality (see Appendix ID]) 

z (16 z - z cos $ - 15) sin $ + 15 z (cos $ - z) $ < 
and since sin $ > 0, we can write 



/io< 



. ^ lQz 2 — 15z — z 2 cos $ . ^ , K z $ (cos$ — z) 
sin $ — ; 8 sin $ + 15 



1 + z 2 - 2z cos $ 



1 + z 2 - 2z cos $ 



(87) 



(88) 



Since the expression in the parentheses of Eq. ( IHHi) is negative, we can replace cos $ by 1 in 
the nominator of the first term (note, that 1 + z 2 — 2 z cos $ > 0) and obtain 



/io< 



15 sin$ 



z(z-l) 



- 8 sin $ + 15 



z $ (cos $ — z) 



1 + z 2 - 2z cos $ 1 + z 2 - 2z cos $ 

This expression can further be simplified by means of the inequality (see Appendix | 



(89) 



Thus we obtain 



fio< 



15 sin$ 



z $ (cos$ - z) 
1 + z 2 - 2z cos $ 



1 + ^ 2 - 2^ cos $ 



< 



Z 7T 



(90) 



15 sin$ - 15 



2! 7T 



(91) 



where we also made the replacement —8 sin$ by —15 sin$ for getting an expression more 
convenient for subsequent considerations. This expression can simplified with the aid of the 
inequality (see Appendix iGl) 



sin $ 



z(z-l) 



1 + z 2 - 2z cos $ 



sin $ 



< 



l + z 



(92) 



by means of which we obtain 
fio < 15 



2 zir 
+ 



< 15 

l+z l+z 
Thus, we have shown the validity of inequality (jH- 



71 Z TT 
~, + ~, 

l+z l+z 



15 71. 



(93) 
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APPENDIX A: PROOF THE NON-EXISTENCE OF OTHER SOLUTIONS OF 

EQ. (jS]) 

If we set the parentheses of Eq. (jUJ) to zero, we obtain the following equation: 

= -3 z 2 sin $ cos $ + 15 z 2 $ + 2 z sin $ cos 2 $ 

+4 z sin $ - 30 z $ cos $ - 3 sin $ cos $ + 15 $ . (Al) 

We want to show that Eq. (1A1I) has the only solution P e : (z — 1, 3> = 0). The both solutions 
of Eq. (IA.1I) for variable z are given by 

1 sin 3 $ - 3 sin $ + 15 $ cos $ ± JT[ , k , 

*1.2 = o — T ^ — , A2 

3 5 $ - sin $ cos <3> 

where the discriminant is defined by 

Ti = - sin 2 $ (- cos 4 $ + 5 cos 2 $ - 30 $ sin $ cos $ + 225 $ 2 - 4) < . (A3) 

The inequality ( 1A3I) can also be expressed by 



fog = —w A + 5 w 2 — 30 yl — w 2 w arccos w + 225 arccos 2 w — 4 > , (A4) 
where w = cos$. The extremal condition hp,,., = leads to 



= 120 arccos w — 10 w yl — w 2 — 15 w 2 arccos w + w 3 yl — w 2 , (A5) 

with the only solution w = 1, that means $ = (it is straightforward to show, that the 
first derivative of expression (1A5j) is always negative; thus the expression (1A5|) represents a 
monotonically decreasing function and since w = 1 is obviously a solution of equation (1A5|) 
it is, therefore, the only one). Inserting $ = into Eq. (IA20 yields z\ — Zi — 1. Thus, the 
extremal point is given by 

P c : (*= l,w = 1). (A6) 
The boundaries of function are given by 

h 6 = 

u>=— 1 

:0. (A8) 



= 225 7T 2 > , (A7) 

1U=— 1 



h 



6- 



to=l 



From Eqs. (1A7D and flA8|) we conclude the validity of inequality (IA40 and (IA30 . That means, 
the only real solution of Eq. (1A1I) is given by Eq. (]A6j) . that means P G : (z = 1, $ = 0). 



APPENDIX B: PROOF THAT EQ. (|56D IS THE ONLY SOLUTION OF EQ. d53j> 

AND EQ. (HU) 

Eq. ( 1531) is given by 

= - sin 3 $ + 15 sin $ - 15 $ cos $ , (Bl) 



and Eq. (1q"4"]) is given by 



= (1 - cos $) 2 (15 $ + sin $ (1 + cos $) + 15 sin $) . (B2) 

The only solution of (lB2p is (it is straightforward to show that the first derivative of 
15 $ + sin $ (1 + cos $) + 15 sin $ is always positive, that means this expression represents 
a monotonically increasing function; thus (1B3[) is, therefore, the only solution of (IB2D ) 

$ = 0. (B3) 

Inserting the solution (IB3[) into Eq. (1B1|) yields an identity = 0. Thus, the only solution 
of Eqs. dHT]) and flB2]) is given by flB3|) . 



APPENDIX C: PROOF OF INEQUALITY ([85]) 

The inequality in Eq. (1851) is given by 

sin 3 $ 



{1 + z 2 -2z cos$) z 
which can be written as 

1-w 2 



z - 3 z 6 + 2 cos $ 



< 8 sin $ 



(CI) 



(l + z 2 -2«;z)' 



< 



(C2) 



where w = cos $. In order to show the validity of Eq. (IC2I) it is convenient to simplify this 
expression with the aid of the following inequality: 



w 



'1 + z 2 — 2 w z 



z - 3 z 6 + 2 w z 4 



<2 



1 — w 



{1 + z 2 -2wzY 



z - 3 w z 6 + 2 z 4 



• (C3) 



The proof of inequality (IC3P can be shown as follows. Due to 1 — w 2 < 2 (1 — w) for 
— 1 < w < 1 , we have only to show \ z — 3 z 3 + 2w z 4 \ < \ z — 3wz 3 + 2z A \. Squaring both 
of these sides and subtracting from each other leads to the inequality 

z 4 (w — 1) (3 + 2 z) (2 w z 3 - 3 w z 2 + 2 + 2 z 3 - 3 z 2 ) < . 

That means, in order to proof (103j) . one has actually to show the inequality 

g = 2w z 3 - 3w z 2 + 2 + 2 z 3 - 3 z 2 > . 



(C4) 



(C5) 

The extremal point is given by P c (z = 3/2, w = —1) where g \p c = 2 , and the boundaries 
are g \ z=0 = 2 > 0, g \ z=00 = 2 (1 + w) z 3 > 0, g = 2, g \ w=1 = 4 z 3 - 6 z 2 + 2 > 0. Thus, 
we have shown the validity of (105|) and (103j) . respectively. Let us turn back to the original 
inequality (ICll) . 



h 7 



1 — w 
[1 + z 2 -2wz 



z - 3 w z 3 + 2 z 4 



<4, 



(G6) 



which follows from the combination of (IC20 and (1Q3|) . In order to show the validity of (1061) , 
we consider the extremal conditions h 7 z = and h 7 w = which yield 



(1 - w) (l + 2w z - 3 z 2 - 9w z 2 + 8 z 3 + 6w 2 z 3 - 5w z 4 ) = 

z {z-lf (-2z 2 - z + 2wz + 1 



The solutions of (1081) are given by 

zi = 0. 

Z2— 1 



^3,4 : 



2w- 1 ^9-4^ + 4^2 

4 4 
2 z 2 + z - 1 

2z ' 



Inserting ( 1C9I) - ( 1C12I) into extremal condition ( 1C7I) yields the relations 

1 - w = 0, 
(l-w) 3 = 0, 
(7w + 20) (4w + 5) (w-1) 4 = 0, 
(z-1) 3 (z + 2) (2z + l) (2z + 7)=0. 

The relevant solutions of ( 1C13I) - ( 1C16f) . respectively, are given by 

w = 1 , 
2 = 1 . 



(C7) 
(C8) 

(C9) 
(CIO) 

(Gil) 

(C12) 



(C13) 
(C14) 
(C15) 
(C16) 



(C17) 
(C18) 



Thus, the extremal point is given by P e : (z — 1, w — 1), which is just one point of one of 
the boundaries. The boundaries of h 7 are given by 



h 7 
h 7 

h 7 



z=0 



0, 



2 (1-w) < 4, 

2 ,i±l£!±li!< 4 . 



ui=— 1 



U) = l 



1+* 



0. 



(C19) 
(C20) 

(C21) 

(C22) 



From Eqs. ( 1C19I) - ( 1C22I) we conclude the validity of inequality ( 1C6I) . that means the validity 
of (EH) and fjC2l . respectively 



APPENDIX D: PROOF OF INEQUALITY ([8] 

Since z > 0, Eq. flH7|) can also be written by 

/i 8 = sin $ (16 z — 15 — z cos $) + 15 (cos $ - z) $ < . 



(Dl) 



The extremal conditions h 8yZ = and h Sj ^ = yield 



= 16 sin $ - sin $ cos $ - 15 $ , 

= 16 z cos $ - z cos 2 $ + z sin 2 $ - 15 z - 15 $ sin $ . 



(D2) 
(D3) 



The only solution of Eq. ( 1D2I) is given by (note, that it is straightforward to show that the 
first derivative of ( ID II) is negative, i.e. (ID II) represents a monotonically decreasing function; 
thus the given solution (1D4f) is indeed the only possible solution) 



$ = 0. 



(D4) 



Inserting the solution (1D4I) into (1D3I) yields an identity = 0. That means the function h% 
does not have an extremal point, while h$ takes extremal values at the boundary $ = 0. 
Especially, the boundaries are given by 



hs 



2=0 



-15 sin $ + 15 $ cos $ < 



lim (-15 $ - sin $ cos $ + 16 cos $) z < , 



<s>=o 



<J>=7T 



-15tt(1 + 2) < 0. 



From Eqs. (1D5I) - (1D8I) we conclude the validity of inequality ( ID II) . 



(D5) 
(D6) 
(D7) 
(D8) 



APPENDIX E: PROOF OF INEQUALITY (f90|) 

Eq. ( !UU|) can be written by 

$ (cos $ - 2) 



1 + 2 2 - 2 2 cos $ 
that means we have to show the validity of 

$ 2 (cos$ - z) 2 



< 



7T 



l + Z 



7T- 



(l + ^ 2 -2^cos$) 2 (1 + ^) 2 
Obviously, the following inequality is valid: 



< 



(cos $ — z) 



< 1 . 



(1 + z 2 - 2z cos$) 

Thus, that means by inserting ( 1E3I) into ( 1E2I) . we have to show the inequality 

$2 



7T- 



l + z 2 -2zcos$ (1 + ^)' 



< 0. 



(El) 



(E2) 



(E3) 



(E4) 



The extremal conditions hg )Z = and hg 7 $ = lead to 



= —z $ - 2 z $ - z 3 $ + $ cos $ + 2 z $ cos $ + z $ cos $ 

3/2 



-7T ( 1 + Z — 2 Z COS $ 

2 



(E5) 

= 1 + z A - 2 2 cos $ - z $ sin $ . (E6) 
The relation ( 1E6I) represents an quadratic equation in variable z and has the both solutions 



-2i,2 = cos $ + i sin $ ± i , 



where the discriminant T2 is given by 

T 2 = sin $ (-4 sin $ + 4 $ cos $ + $ 2 sin < 



(E7) 



(E8) 



where the inequality ( 1E8I) is shown in Appendix [Fl The discriminant T2 = at $ = 0. Thus, 
in view of Eq. ( 1E7I) and (1E8I) . the only real solution of Eq. ( 1E6I) is given by P {z — 1, $ = 0). 
Inserting this solution into Eq. (1E5I) yields 

(E9) 



= 7T 0- l) 3 . 

Thus, the extremal point is given by 

P e : (z = 1, $ = 0) 



(E10) 



which is just one point on one of the boundaries. The boundaries of function hg are given 
by 



kg 
kg 

hg 

hg 



$ 2 - 7T 2 < 



2 = 



7T 



*=o (1 + z)' 
= 0. 

<J> = 7T 



< 



(Ell) 
(E12) 

(E13) 

(E14) 



From Eqs. flElip - (IE14I) we conclude the validity of inequality flE4j) and (IE1I) . respectively. 



APPENDIX F: PROOF OF INEQUALITY (IE§h 

Inequality (1E8I) is given by 

T 2 = sin $ (-4 sin $ + 4 $ cos $ + $ 2 sin $J < , 
that means, due to sin$ > 0, we have to show the inequality 

hio = -4 sin $ + 4 $ cos $ + $ 2 sin $ < . 



(Fl) 



(F2) 



The extremal condition h w ^ = leads to 

= $ ($ cos $ - 2 sin $) 



(F3) 



with the only solution (the first derivative of (1F3I) is always negative, thus the expression 
on the r.h.s. of Eq. (1F3I) represents a monotonically decreasing function and, therefore, the 
given solution (1F4I) is in fact the only possible solution) 



P e : ($ = 0) . 



(F4) 



The extremal point (1F4I) is just one point on one of the both boundaries. The boundaries 
are given by 



ho 







$=0 



-47T. 



From Eqs. (IF50 and (1F6|) we conclude the validity of inequality (IF10 . 

APPENDIX G: PROOF OF INEQUALITY ([92]) 

Eq. (I§2"j) is given by 



sin $ 



1 + z 2 - 2z cos $ 
which is equivalent to the inequality 



sin $ 



< 



l + z 



(l-w 2 ) (2wz-z-lf (1 + zf 
(1 + z 2 -2wz) 2 



-4 < 0. 



The extremal conditions hu tZ = and hn tW = lead to the both relations 

= (I + z) (l - w 2 ) (2w z - z - I) (2 z 2 w 2 - 2w z - z 2 + , 
= (l + z ) 2 (2wz-z-l) 

x ^4w 3 z 2 - Aw 2 z 3 - Aw 2 z + w z 3 + w z 2 + w z + w + 2 z 3 - 2 z 2 ^ . 

The solutions of ( 1G3I) are given by 

w x = -\, 
w 2 = 1 , 



w 3 - 

z 2,3 : 



1 + Z 

2z ' 

1 ± V2 z 2 - 1 
2^ 



2w - 1 

it; 



2w 2 - 1 



(F5) 
(F6) 



(Gl) 

(G2) 

(G3) 
(G4) 

(G5) 
(G6) 

(G7) 

(G8) 
(G9) 

(G10) 



Inserting (IU5]) . (1U61 . (jUSjl and ([GlU]) into O yields 



0= (7^ + 3,^ + 52 + 1 
= ^-l) 4 , 



= 2 z 5 + z 4 - 2 z 3 - 2 2 2 + 1 ± V2 z 2 - 1 



2^ + 2^ + 2,2-1 



(Gil) 
(G12) 
(G13) 



= w (1 -w 2 ) (1 + w 2 



16 w 5 + 12 w 4 + 2 w 3 - 12 w 2 + 6 w - 1 ) Vl 



± (8 w 7 - 12 w 6 - 16 w 5 + 24 + 2 - 1 1 w 2 + 6 w - 1 



(G14) 



while inserting (lG7l) or ([G9]) into ([G4]) yields an identity = 0. Obviously, Eq. (1G11D has 
no real solution for variable z > 0. The only solution of Eq. ( 1G12j) is given by 



Zl = l. 



(G15) 



In order to find the solutions of (1G13j) . we first have to bring all those terms proportional 
to \J2 z 2 — 1 on the left side, then squaring both sides and obtain 

= (l + z) 4 (z-lf , (G16) 

according to which it follows that the only solution of (1G13P is already given by (lG15p . In 
order to find the solutions of (1G14I) . we first have to bring all those terms proportional to 
Vl — w 2 on the left side, then squaring both sides and obtain 

= w 2 (l-w 2 ) (2w 2 -lf . (G17) 
The solutions of Eq. (IG17P are given by flG5p . flG6p and 



(G18) 



Collecting the results (1G5P - (1G8p . (IG15P and (1G18P together, we obtain the extremal points 

P e i : (z= l,u; = 0) , (G19) 
P e2 : (z = l,w = 1) . (G20) 

While flG20p is just one point on one of the boundaries, the numerical values of function tin 
(IG19I) is given by 



0. 



The boundaries are given by 

hn 
hn 
hn 



z=0 



-3 - w 2 < , 

(l-w 2 ) (2w-l) 2 -4<0 



w=— 1 



'11 



-4. 
-4 



UI = 1 



(G21) 

(G22) 
(G23) 
(G24) 
(G25) 



From Eqs. (1G21h - ( 1G25P we conclude the validity of inequality (1G2I) and (IGlfl . respectively. 



